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A rarefied polyatomic gas between infinite parallel plates which is subject to a pressure gradient 
and to a magnetic field is considered. The tensor polarization and the Kagan polarization account 
for the influence of the field on the gas flow. In the slip flow regime differential equations and 
boundary conditions for the velocity and the tensor polarization are solved. The dependence of the 
solution on the mean pressure and on the magnetic field is discussed. Knudsen corrections for the 
Senftleben-Beenakker effect of viscosity are derived. By comparison with experimental data of Huls- 
man et al. a set of surface parameters is obtained. They characterize mechanical slip, thermo- 
magnetic slip, and the influence of gas-wall collisions on the tensor polarization.

The influence of a magnetic field on transport 

phenomena in polyatomic gases, often referred to as 

Senftleben-Beenakker effect (SBE), has been studied 

intensively in the last decade, both experimentally 

and theoretically 1. A magnetic field can act on flow 

and heat conduction via polarizations set up by col­

lisions in a nonequilibrium situation. The analysis 

of experimental data reveals that the most important 

types of alignments in a streaming or a heat con­

ducting nonpolar gas are the tensor polarization 2-4 

and the tensor polarization flux (often called Kagan 

polarization)5, respectively. These polarizations are 

nonequilibrium averages of second and third rank 

tensors built up from the rotational angular momen­

tum and the velocity of a molecule.

In the hydrodynamic regime the SBE depends on 

the field strength H and on the mean pressure p0 

only in the combination H/p0 which is essentially 

the ratio of the precession frequency and a collision 

frequency1. But at lower pressures, i. e. when the 

mean free path of a molecule becomes comparable 

with the dimensions of a macroscopic container, 

deviations from this simple H/p0 dependence have 

been observed2-5. Then an additional pressure de­

pendence occurs which is due to slip effects for the 

velocity and to the influence of gas-wall collisions 

on the tensor polarization. For example, the maxi­

mum value of the transverse effects (i. e. 1]A, , 

•̂transr) decreases with decreasing pressure and the 
position of this reduced maximum is shifted to 

higher H/p0 values3. The method for a calculation
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of these Knudsen corrections 6 is worked out in de­

tail in the present paper for the SBE of viscosity. 

A short summary of the results has already been 

presented in Reference 7.

The theoretical basis for a treatment of alignment 

phenomena in polyatomic gases is the quantum 

mechanical kinetic equation due to Waldmann and 

Snider8. By the application of a Chapman-Enskog 

approach 9 or of the moment method 10 differential 

equations and constitutive laws for macroscopic 

variables have been derived from the Waldmann- 

Snider equation. Relevant for the SBE of viscosity 

is the coupling of the tensor polarization with the 

friction pressure tensor. In the hydrodynamic re­

gime the tensor polarization is proportional to the 

velocity gradient, thus expressions for the five vis­

cosity coefficients are obtained 9’ n . But in the slip 

flow regime the tensor polarization flux cannot be 

neglected for the treatment of a streaming gas 6> 7. 

Then the moment method supplies us with a differ­

ential equation for the tensor polarization6’7’ 12 

which has to be solved besides the Navier-Stokes 

equation. By the way, the differential equation for 

the velocity is modified6’ 7’ 12 due to the existence 

of the polarizations. Consequently, also boundary 

conditions for the velocity and the tensor polariza­

tion have to be used now. Phenomenological bound­

ary conditions for macroscopic variables have been 

derived by Waldmann’s thermodynamic method13 

from the entropy production at the interface be­

tween the gas and a solid body 6’ 7’ 12.

In this paper a rarefied polyatomic gas between 

infinite parallel plates is considered. This serves as 

a simple theoretical model for the flat rectangular
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capillary used by Hulsman et al. 3i 4 for a measure­

ment of the viscosity coefficients. The gas is subject 

to a pressure gradient. Furthermore, the whole 

system is placed in a magnetic field and is part of a 

gas-flow Wheatstone bridge.

In Section 1 differential equations and boundary 

conditions for the tensor polarization and the veloc­

ity are solved by a perturbation method. The same 

set of equations has recently been used for a cal­

culation of Knudsen corrections for flow bire­

fringence in gases 14. In both cases the value of the 

tensor polarization at the wall is determined by gas- 

wall collisions, whereas its value far away from the 

walls is established by gas-gas collisions. The tran­

sition between these two values occurs in a small 

boundary layer where both types of collisions are 

important.

The dependence of the flow velocity and the 

pressure gradients on the mean pressure and on the 

magnetic field is discussed in detail in Section 2. 

Here only terms up to first order in the mean free 

path are taken into account. In the bulk of the gas 

(i.e. far away from the plates) the velocity profile 

is nearly parabolic. But in the boundary layer near 

the walls oscillations occur due to the exponential 

terms which trace back to the spatial dependence of 

the tensor polarization.

Finally, in Section 3, the Knudsen corrections for 

the pressure gradients are compared with experi­

mental data obtained by Hulsman et al. 3’ 4 for the 

SBE of viscosity. Numerical values for the relevant 

surface parameters are derived.

I. Solution of Differential Equations 

and Boundary Conditions

For a measurement of all five viscosity coeffi­

cients a flat rectangular capillary of length Dz, width 

Dx and thickness Dt/ was used3i 4. Since the in­

equality

DZ> D X>  Dy

applies the flow of a polyatomic gas between infinite 

parallel plates of distance Dn = 2 d is treated here 

instead of that in the real set up. The unit vector in 

/̂-direction, perpendicular to the plates, is denoted 

by U; the plates are placed at y = i d .

In the absence of a magnetic field a constant 

pressure gradient

V p(0) = e(dp/d*0 (1.1)

shall be applied, (? is a unit vector in 2-direction 

parallel to the plates. If a magnetic field H = H h 

(h h = 1) is present additional pressure gradients

V  P 1] occur

V p  = V p rô + V p '̂ 5 V p (1) = 0 for H = 0 . ( 1.2)

The major aim is the determination of the z- and 

2-components of V p  n- For this purpose the flow 

pattern has to be calculated.

The influence of a magnetic field on the flow of a 

polyatomic gas is due to the mutual coupling be­

tween the friction pressure tensor and alignments 

set up by collisions. The most important type is the 

(second rank) tensor polarisation a 2-4. Further­

more, in a rarefied gas, the (third rank) tensor 

polarization flux (Kagan polarization) b 5 cannot 
be neglected 7. Experimental results for the SBE 

show 1 that the field induced change of viscosity is 

for all diamagnetic gases less than one percent. Thus 

the following perturbation method can be used.

The flow velocity

V(y,H) = v iso(y) +v1{y,H) (1.3)

is split up into two parts. For a calculation of the 

“isotropic” velocity Vjso(?/) the polarizations a and 

b are neglected. Then the tensor polarization and 
its flux are determined from t>jso(2/) and \/pl0\ 

Finally, the field dependent quantities V  p 1̂ and 

(y,H) are calculated from these anisotropic 

alignments. If a  and b are both put equal to zero, 
V p 1-1 and V1(y,H ) vanish. For H = 0 the aniso­

tropic velocity

Vx{y,H) =V*{y) +VH(y), Vx{y, 0) = v°(y) (1.4)

does not vanish, it reduces to V°(y). Hence, Vn (y) 

is the field dependent part of the total velocity, with 

Vn{y) = 0  for H = 0.

This perturbation method is applied here to con­

stitutive laws, differential equations and boundary 

conditions derived in Refs. 6’ 12 from moments equa­

tions of the Waldmann-Snider equation 8.

(a) Isotropic Flow Velocity

In isotropic approximation temperatures T and 

T' (the difference between translational and rota­

tional temperature 6’ 12) are constant

r iso = constant = T0 , 7’i,so = 0. (1.5)

Consequently the heat fluxes are determined by the 

constant pressure gradient only, e. g. the trans-
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(flftrans) iso=  2 Tn ^  ^

5 Po

lational heat flux is given by 6’ 12

Then we have for the friction pressure tensor

Piso =  2 J]iso V ®  iso- (1-7)

The isotropic flow velocity is calculated from the 

differential equations

V p (0) -  V • V viso = o

and from the normal and tangential boundary con­

ditions 6t 7’ 12

Z
, *» _  (1 " i n  \ - _

/1S0r isn • n = 0 , (V + f  Po"1 qtrans) iso11 = ^ — Cm kfcon
Viso

Here, fl denotes the outer unit normal of the gas, 

i.e. n =  i U for y=  + d. If V-lS0 has only a 2-com­

ponent and depends on y then V ' ̂ iso = 0 and 
V\so-Tl = 0 are fulfilled identically. With fefsa0n =  

(Piso‘W)tan and (qtrans) iso from Eq. (1.6) the well- 
known parabolic velocity profile for the plane 

Poiseuille flow is obtained:

»i . . W  =  - ^ V p <0)
2  ^iso

+ 2  d c "
+

5 d2
(1.7)

For nonzero Knudsen number l/d the mean velocity

( 1.6) _
+ d

^iso — 2  d   ̂ ^iso(2/)

d2

3 >?is
V p (0) i  + 3 — c  + — hh .

+ 6 d ra+ 5 <f2
( 1.8 )

is enlarged by mechanical ( cx I Cm) and by thermal 

slip (oc ln Zt) . The lengths Z, Z„, Zt occurring in Eqs. 

(1.7), (1.8) are mean free paths defined by

Z

Z„ =

] l i ‘-

VS(on
h = (1.9)

where c0= )/3 h T jM , A/ is the mass of a molecule 

and k is Boltzmann’s constant. The relaxation con­

stants cov and cot are related to the isotropic viscosity 

tj;so = Po/oiy and to the heat conductivity coefficient

=
5 k Po

2 M cot( l- ^ tr) •

The coupling between the translational and the rota­

tional heat fluxes is characterized by 12

-̂ tr =  •

(b) Tensor Polarization and Kagan Polarization 

By use of the isotropic solutions (1.5), (1.6), (1.7) the following differential equations

V^  W»T___  1(l-Lm2V-V)P(w):a  = P (m): V V-IS0 , m =  0 , ± 1 , ± 2 ,
corj a)j 1 + i m 9:>t 

and boundary conditions for the tensor polarization

a = i  P(w): a =CamPo-1 fcjso n  + Ca n b (for y = ± d )
in = -  2

are obtained 6’ 7> 12.

The dimensionless coefficients Ca and Cam diaracterize the destruction and production of tensor polari­

zation by gas-wall collisions ". The positive surface parameter Ca is some sort of accommodation coeffi­

cient for the tensor polarization15, hence it is expected to be of order 1. In contradistinction, the non­

diagonal coefficient Cam (which can have both signs) is expected to be small compared to 1 (e. g. of order 

oj,;t/o>t) since it describes a production mechanism for tensor polarization by gas-wall collisions. Recently, 

Halbritter 15 has related Cam to the “noncentral” part of the interaction potential between the gas mole­

cule and the wall.

The Kagan polarization is calculated from 12

h. = y p w , , -
u l,n v  —  r  [tv,/t v '

in — — 2 1
+ (« ? ')
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nfl'
u isowith

Here, the abbreviations

Lm = . r<) [ (1 + i m <ph) (1 + i m 9>r) ] ~Vs, lh

0)„t h>

0>T Po
« T t V  P (0) •

c 0 1 W T ( 0->tr f l)hv \ .  s
1/7 , ®Tt =  r------ I “  -----------  ( 1 - ^ t r )
]/3 O J ft 5 OJt \ OJbt COT1/3 0>x

have been used. The field strength H is contained in the precession angles

cpT =  oj///o>r , gr>6 = co///oj& .

Since wH = yH (7 is the rotational gyromagnetic ratio) and o>x, o)bcxp0 apply we have (pr, 9?b H/po • 

The field direction h enters via the fourth rank projection tensors V'"'̂  introduced by Hess 10-11.

The ansatz

a = j / ^ T  d_ / dp \ ^  A p(m) g u

0>T Po \ dz Jom = -2

yields then the solution

Am(y) =
sinh y/Ln

d 1 + i m ' sinh d/Lm ’

( 1.10)

( 1.11)

with

1 + i m q>£ + c am+c ,A °  , , 1

1

+  «T t l  + C*1! -coth-f
m cph Ln

For convenience, the coefficients Ca , Cai 

introduced:

have been

Ca = Vo)fj/o>j Ca , Cam = Cam ]/3 0),/T/o>r .

The second contribution to 4̂W(?/) describes the 

influence of gas-wall collisions on the tensor polari­

zation. For L jd  ^  1 it is only important near the 

boundary (at y = ± (/) within a small layer of thick­

ness of a few mean free paths L0 . Within the gas 

(i. e. outside this boundary layer) the tensor polari­

zation assumes a value

Am (y) y_ 1

d 1 + i m
( 1.12)

which is determined by gas-gas collisions only. The 

transition from the boundary value

1

Am(±d) = ±
1 + i m <pr

(1.13)

to ATn (y) occurs within this boundary layer. For 
infinite pressure p0( i. e. L jd  = 0) there is a sudden 

jump from the boundary value

(Am) ±d =  ± ' 1

For H = 0 this boundary value

(A<r ) i = ( C . - C m ) l ( c ,  +  l )

is greater than A0°° (y—> + d) = 1, if — Cam> l  

applies. Then there is a net production of tensor 

polarization by gas-wall collisions, and this produc­

tion increases with increasing Ca>0. For — Cam< l  

the inequality

(A0'*)d< A tr(y-+  + d ) = l

is valid, and the difference between both values de­

creases with increasing Ca .

In Fig. 1, for H = 0, the spatial dependence of 

the tensor polarization in HD is shown for different 

values of L jd . For the calculation of A0(y) from 

Eq. (1.11) the parameters from Table 2 and Table 3 

are used.

If the magnetic field is perpendicular to the 

plates, h = If, the tensor polarization has only two 

nonzero components (see Appendix A) :

1 2 oyr d id  p \ 

o>r p0 \ dz )0

• [Ai u  e + A ” u u x e ] . (1.14)

h=U,SL

1 +im(pT / i 0 = o 

to Am(y)=AZ(y) for - d < y < d

The functions A± and A "  are the real and imagi­

nary parts of A1 . Their spatial dependence is shown
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Fig. 1. Spatial dependence of tensor polarization a at H = 0 
in HD for some values of L0/d, a oc A0 (y) üe . The function 
A0(y) is calculated from Eq. (1.11) with the parameters of 
Table 2, Table 3. The boundary value of A0 for infinite pres­
sure is indicated by (A0°°) <i. The A’s are odd functions 

of y/d.

Table 1. Experimentally observed Knudsen parameters for 
the SBE of viscosity 3> 4.

«a 3’ 4 nßlong * n.,l°n£ 4 7lßtr 3 nytr 3

HD 6 6 14 10 12

c h 4 6 9 3 10 3
CO 6 10 2 10 2

N, 6 12 4 10 2

Table 2. Numerical values for some quantities which are 
relevant for the SBE of viscosity 2~4, see also Reference 12. 
Measurements of flow birefringence18 show that <y,jT is 
positive for HD, CO, N2. For a calculation of axt the signs 
of <«br and a>bt have been assumed to be equal. The mean 
free path I [see (1.9)] has been calculated for p0 =  1 Torr, 

T0 =  293 K with the viscosity data used in Reference 12.

^ ,;T '1 0 3 |/2 aTt i  /i
COT (Or mr

HD 1 .8 8 0.175 0.04 0.16 2 .6 8 0.091
c h 4 0.83 0.047 0.30 0.56 0.78 0.041
CO 3.64 0.091 0.40 0.64 0.71 0.049
N* 2.713 0.092 0.32 0.47 0.85 0.050

Table 3. Theoretical Knudsen parameters for the SBE of 
viscosity. The correction factors TVs, ns , Am, rm have been 
calculated from Equations (2.14) — (2.17). They should be 
compared with the experimental values3-4 for | n^lon&, 

hriy^ng, %nßtT, \ nyir given in Table 1.

Cm Ca Cma Ca Cma Ns ns Am

HD 1 .0 0.4 0.4 1 .0 0 0.07 3.5 6.5 4.9 5.5
CH, 1 .0 0 .6 0 .0 0.80 0 .0 0 4.5 1.3 4.6 1.3
CO 1 .2 1 .1 0 .0 1.38 0 .0 0 4.7 1 .0 4.7 1 .0

N, 1 .2 1 .0 0 .0 1.46 0 .0 0 4.9 1 .2 5.0 1 .1

Fig. 2. Spatial dependence of tensor polarization a in HD 
for L jd  =  0.1, h = u ,  and cp̂  =  0.0, 0.3, 2.0, 10.0;

a oc At' u e  -\-Ay" u uXe ,  see Eq. (1.14). The dotted straight 
lines refer to L0/d — 0. The boundary value for high mag­
netic field is indicated by v4sat, cf. Equation (1.15). For 
At', A ” see Eq. (1.11) and Table 2, Table 3. The A’s are 

odd functions of y/d.



668 H. Vestner • Knudsen Corrections for the Senftleben-Beenakker Effect

in Fig. 2 for HD, L jd  = 0.1, and some values of 

<Pt - By the way, for <pr = 10 the molecule performs 

about one precession during its free flight over a 

mean free path L0. For high magnetic field 

(|9>r|^>l) only the tensor polarization near the 
wall survives:

Ax'{±d) |(pT_>oo= ± Asat

At"( 

a (±d)

- 0 .,

1 +  C a ] / w b/coT

± d) J <pi—>oo 0 , i.e.

«  T —  (— ) Cam li e
Po \ dz Jo 1 + Ca 

for H —>■ OO  and h =  1 1  .

(1.15)

Notice that the coefficient Cam characterizes a pro­

duction mechanism for the tensor polarization at the 

wall.

fc) Anisotropic Flow Velocity and Field 

Dependent Pressure Gradient

The anisotropic velocity Vl (y,H) is determined 

by the polarizations a and b. From the continuity 
equation V '^ i  = 0 and from the normal boundary

condition 11 • Vx ( i  d, H) — 0 we easily derive that 

Vx has only tangential components, i. e.

u-v1(y,H) =  0. (1.16)

Due to the existence of the tensor polarization 

and its flux the temperatures in the rarefied gas are 

no longer constant,

T = T0 + Tx(y ,H ), r  = 7V(y,H ) .

But Tj and Tx are not needed for a calculation of 

Vx and of the tangential component of p(1\ This 

can be seen as follows. The field dependent pressure 

gradient V  p ^ is a function of y only, then ac­

cording to relations like

3 3p-1) 3 dptl)

3a: 3 y 3 y dx

the x- and 2-components of V p 11 are constant:

V p ,1) = P +
3 p «  

3 y
M, U-P = 0 , P  = const(H).

(1.17)

From the tangential component of the modified 

Navier-Stokes equation 6’ 12

I  Vp-V-V«- - ~  | ^ ) V r  + v2ra„TV a
'/ is o  '/ ISO  ' 0  \  D VJT,

+
OJb

5 Vi \ cot( l - A tr) 

a differential equation for V1 can be derived by subtraction of

Viso

«bt (V  V  B  - V  • V B )

O) b
1 P - V  V t» !»  v3oi,/T(V  a - u V  (a u ) ) n  . 4

V\So 5 j/2 \ 0jt( l- A tr)
«i„ V  ' V  (B - u t r B )  .

The quantity of interest is the constant tangentialpressure gradient P. Then, in general, also V1 has to 

be calculated, but a knowledge of dp'^/dy , Tt and Tx is not necessary.

The right hand side of the differential equation for Vt contains derivatives of the tensor polarization a 

and the Kagan vector B (B„ — b,,tVM) which are already known from the preceding section. The solution is 

now written in the following form:

V1(y,H) = -

and

V(j,,H) = - (| ] 2G + JV

+ 2 ___ _

+ 1  ( 2 M 'P (ra): e u ) t:in

d2 ( dp

^ ^iso \ dz 10

A,/TV (y ,H ), P
dp

dz jo
A, r G (1.18)

(y/d)2 Lm ( . , cosh (y/Lm)
, - .----- 2 —  am (1 + (1 + 1 m cp r )  aTt) . t  ( J , t \
l+ im cp j a sinh (a/Lm)

(1.19)
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Then the mean velocity

is given by

V (H )  =
] +2 ---

G + W  + 2’(2m - P(w) : e u ) tan 
3 m = - 2

2d
V (y , H ) dy

-2 «,»(1 + (1 + imqpT)aTt) ( 1.20)
1 + i m

The quantity =  w2Tjaina>Y gives9,11 the order of magnitude of the SBE of viscosity1. Furthermore, it 

is the relative difference between the isotropic (^;so = Po/o)t}) and the field free value r\ = rj1S0(l + ̂ t )  of 

shear viscosity.

The constant tangential vectors G and W  are yet unknown, thus four conditions are needed. Two of 

them are given by the boundary condition for the tangential velocity 12:

( V + fpo“1 qftrans) i*“  = ~~ Cm ^  Cma (tl • b Tl) tan .
V'iSO V ̂

Due to the antisymmetry relation Crna = — Cam the coefficient of thermomagnetic slip Cma is related to Cam 

which describes a production mechanism for the tensor polarization. The tangential force per unit area 
fc1tan= (pj-fl)1" 1 can most simply be calculated by integration of the tangential component of

V 'P i  + V p (1) = 0

which is the original form of the Navier-Stokes equation for V1: fc1tan = —dP. For the translational heal 

flux

2 Tn „  Pn c0 i /

r r
(Qftrans) l tan :

COb

5  po ,so n

has to be inserted 12. Now, the vector W  is related to G through

L0\2 20

obt B tan

w = G i 1+ 2| Cm+| M

-  1

+  «Tt

^ t ( l  -A-tr) 

gh
+ 2 ,------ .

(e - A (<pb) • e)tan + 2  (2U ‘ P W : e u ) tan

——r---- + 2 am [1 - (1 + i m cpy) Cma] coth y  + 2 \^j
1 + 1 m 9>x a Lm \ a

( 1.21)
m= -2

[Cma (1 + (1 + im9>r)oTt) +flTt]l •

Notice, that A (cpb) essentially determines the heat conductivity tensor 12.

In order to get a further relation between G and W  we remember that the real capillary used in ex­

periments 3> 4 is closed in x-direction. Hence, for the model of infinite parallel plates we impose the con­

dition (wxe) -1̂  = 0.

From Eq. (1.20) we get (1.22)

W  • (u x e) = i G • (u x e) - 2 2 ( u x e u ) :  P(w): e u
m = - 2 1 + i mq>£ d

a „ ( l + ( l  + i m (fy) OTt)

Finally, a relation between the 2-components of W  and G is derived from the fact that the measuring 

capillary is part of a gas-flow Wheatstone bridge2,4. Then

vH (y) = vx (y, H ) - vx {y, 0) = - d* G ■ e A„T vis0 (y)

applies (see Appendix B). For (5 = 0 the gas flow is kept constant if the magnetic field is switched on. 

Similarly, for (5 = 1 the pressure difference over the ideal bridge is kept constant, or for <5—>oo the pres­

sure difference over the measuring capillary (i.e. G • f? = 0). The result is stated as follows:

e W (H ) -e-W(0) = - - - e G
I

2<3-l+6<3 —  Cm +  .
a d

1 2  ^ lv lt

d2
+ 2 '2 (e w ) :  e u

1 + i m cpy
+ 2  a,, ( 1  + ( 1 + im  9>t )art) -  2  a fl ( 1  + aTt) (1.23)
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By comparison of Eqs. (1.23) and (1.22) with Eq. (1.21) the constant vector G is obtained in the 

form (see Appendix A) :

; 1 + Ö) G ■ e = (1 + Ö) Gz= Ft' (V  + K- - 4 V  V ) + F2' (1 - h 2) (1 - V )

3 (ajt(L0/d))2
+

/ -j r ,  j  2\ 8  /  "i 7

r ; --- 2 ( 1 + 2  , 2 ( I - n / )
I + ( f b- 1 + 4  cpb21+3 (l/d)Cm + 5 Ijj h/d"

G- (m x e) =  Gx = / / ,[ //(! - 4 A/) + Fv (hu2 - 1) ] +/^[F1"(2 h 2 - 1) + f 2" ( l - V ) ]

+ -
3 (arrt(Ljd))2 

l + 3(l/d)Cm + l l J t/d2
h r h, <pb*<pb‘

1 +  *pb“ 1 + 4  (pi,2
4 ^6

+ ' 1 + 1 + 4 (pb2

(1.24)

(1.25)

Here, hx = h - (ux e ), hy = h u, hz = h C are the components of the unit vector h in the direction of 

the magnetic field. The quantities F , Fm"  are the real and imaginary parts of the complex functions

F„ = F„; + iF ,„"=  (F,„-F0)/( l + 3(//rf)Cm + *i„ W

with (m = 0, ±1, ±2)

1 _ L

(1.26)

F =1 in  — . 3am y  coth f  (1 - (1 +imq>Y:)Cma)  + 3 am \ Ly  ] (1 + (1 + i m 9>r)aTt)
1 + m f r  d Lm \ d 1

-3
I  \2

[Cma(l + (1 + i m r p j)  aTt) + aTt] . (1.27)

According to Eq. (1.24) the pressure gradient G, depends on the value of d. But the quantity mea­

sured in a gas-flow Wheatstone bridge is proportional to (1+<5)G2, hence it is independent of d (see 

Appendix B).

II. Discussion of Pressure Gradient 

and Flow Velocity

In this section the pressure gradient P and the flow velocity Vx are evaluated up to terms linear in the 

mean free path. Then Eqs. (1.24), (1.25) reduce to

(1 +Ö)GZ = F ' (h*  + h 2- 4 h 2 hg2) + F.: (1 - h 2) (1 - h 2) , (2.1)

Gx = hx hz [F ' (1-4 h 2) + F:  (V  - 1) ] + K [ V  (2 V  - 1) + F (1 - h 2) ] , (2.2)

and in Fm', Fm" all terms which are of higher than first order in l/d, L jd  are neglected. In this approxi­

mation the angular dependence of the pressure gradient G, as described by Eqs. (2.1), (2.2), is indepen­

dent of the mean free path.

This is not the case for higher approximations of Eqs. (1.24), (1.25). Then terms proportional to 

(ajt L0/d)2 occur, which have an angular dependence different from that in Eqs. (2.1), (2.2). But for 

the experimental conditions3,4 (see Section III) these are minor corrections and shall not be discussed 

here.

If one is interested in the pressure gradient G only, the heat fluxes may be neglected throughout since 

they contribute higher order terms like l, l{/d2 and a j^(L jd )2. In contradistinction, the heat fluxes give 

(via the vector a rt) contributions of the order L jd  to the tensor polarization a and to the anisotropic 

velocity .

(a) The Hydrodynamic Limit 

For vanishing mean free path Eqs. (1.26), (1.27) yield the simple result

{Fm) =  F„
(m <pj)2 

1 + (m cf*y)2

m <7>t 

1 + (rn <pj)2
(2.3)
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The five viscosity coefficients can be expressed by 

the functions Fm°° [m = 0, + 1, + 2), then Eqs. 

(2.1) — (2.3) summarize the wellknown results de­

rived (for (3 = 0) by various authors11,17. These 

formulas have been used, together with Eq. (1.18), 

for the evaluation of SBE measurements 1; 3’ 4, i. e. 

for a determination of A ^  and o>T .

The vector G can be expressed by (see Appen­

dix A)

+ 2  i  

G(0) =  2  t — A —
m= - 2  l + l  TTKpr 

through the relation

(2 M 'P W ;e u )tan- e  (2.4)

1

G, = C,<0)
1 + <J

C ^ C J V ,

By the use of Eq. (1.21), viz.

W  = G - G (0)- e  = - e l 1 +

(2.5)

1 + d
G (»>

the anisotropic velocity is obtained from Eq. (1.19) 

as

1 )2) (1+t t t  G’m)- ,2-6>
V(y, H) =  —e 1

For l/d = 0 the velocity has only a ^-component, 

hence its x-component is at least of order l/d.

The parabolic velocity profile in Eq. (2.6) is 

multiplied by a function which depends on the 

choice of d and on the magnetic field. For d 4= 0 

(i.e. <5 = 1 or <5-^oo) the mass flow through the

capillary changes with the magnetic field H  (see 

Appendix B). Thus, the field dependent part

y\2\ » 

d
VH(y) e l

l  +  d
C„<°>

of the flow velocity is nonzero. But for Ö 

field induced velocity vanishes:

V«(y) = e , V (y ,H )=V °(y ) = - c  1-

0 this

y

Then VH (y) is of order l/d, which is plausible 

since for (5 = 0 the two conditions VH = 0 and 

VH ( ± d) =0 have to be fulfilled.

In general, the total velocity V is proportional to 

the total pressure gradient in z-direction

e-Vp = e - V p f0)( l+ ^ T G 2), i-e.

v(y ,H ) = — ir~—  (1 ~ ( 4 ) % - V p e .  (2.7)

Here, the effective field dependent viscosity coeffi­

cient

>)«i( =  ^ ( 1 + ^ t G , (0)) (2 .8 )

and the field free value of shear viscosity rj = 

??iso (1 +^»;t) are correct in first order in the small 
quantity A,/t . In a gas-flow Wheatstone bridge the 

relative change of viscosity through a magnetic field

=  =A G.m
r] Tj

is measured1-4 (see Appendix B). Notice, that this 

quantity is independent of d, despite the fact that 

the pressure gradient Gz and the field induced ve­

locity Vn (y) strongly depend on d.

(b) Linear Knudsen Corrections 

In this section the pressure gradient and the anisotropic velocity are evaluated up to terms which are 

linear in the mean free path. First, the expression (1.11) for am is simplified by replacing coth d/Lm by 

1, then the right hand side of Eqs. (1.26), (1.27) is linearized with respect to l/d and L j d ‘ :

Fm = Fm°° (1 - 3 — Cm ) — 3
1 + i m 9>r

- C ma

C .+
1 + i m 9?i,

( 1 - C ma) ;

Ca + 1

(2.9)

l+ ( ’ m q>t

Use has been made of the antisymmetry relation 12 Cam = — Cma .

1) F low  V e lo c ity

Now the anisotropic velocity is calculated in linear approximation in the mean free path from Eqs. 

(1.19), (1.21). Its field free part

V »(y )= r,« (y )e ,r ,« ( y) = - 1 + 2
Lq 1 — Cm 

d 1 + C a
1 -C„ ( 1  + Oxt)

cosh (y/L0)

cosh (d/L0)
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gives only a negligibly small contribution to

V(y,0) = -

and v (y ,0 )

d2

2  îsso 

d2

3 V iso

dp

dz

dp \ 

dz Jc

1 - + 2 -C.

1+3 ^ Cm 4- A,/T Vz°(y) (2 .11)

We are interested here mainly in the field dependent velocity:

VXH (y) = hx h Z[D ' (1 - 4 h 2) + D '  (V  - 1) ] + hv [ 0 / (2  V  - 1) + Ö,/' (1 - V )  ] . 

F / ( y ) = D 1' ( V  + ̂ 2- 4 V «  + Do' (1 - hy2) (1 - hz2) . (2 . 1 2 )

For (5̂ =0 those terms in D,„ , Dm"  which are proportional to the mean free path give only small correc­

tions of the high pressure values in Eq. (2.6). But for <5 = 0 the velocity V" (y) vanishes in the high pres­

sure limit since it is of order l/d. From now on, the discussion of VH (y) is restricted to the case <5 = 0. 

The functions Dm' and Dm"  are then the real and imaginary parts of

Dm — Dm + i Dm — [Fm - F „n (2.13)

cosh (y/L0) 

cosh (d/L0)

( 1 C, na) (1

1 + C a

OTt) cosh(y/Lm) 

cosh (d/Lm)

1

1 + i m cpj 1 + i m<pj
aTt

V (1 + i m 9?b) / (1 + i m q>x) + Ca

The value of VH (y) at the walls (y = i d )  is given by mechanical ( tx Cm), by thermomagnetic (cx Cma), 

and by thermal ( ^  ait) slip. The spatial dependence of V11 (y) is determined by two essentially different 

terms, viz. one term which is proportional to 3 — (yjd)2 and a second term which contains the hyperbolic 

functions cosh {y/L0) /cosh {d/L0) and cosh {y/Lm) /cosh (d/Lm) . Near the walls both terms are of same 

importance, within the gas (e.g. at y = 0) only h — (y/d)2 survives, the hyperbolic terms are negligibly 

small. These exponentially decaying contributions are due to the peculiar behaviour of the tensor polari­

zation in a small boundary layer near the walls (see Figure 2). For h  =  U we have according to Eq. (2.12)

VJ1 (y) = D " , V/I (y )= D 1'.

These functions are calculated for HD from Eq. (2.13) with the parameters taken from Table 2 and 

Table 3, with L jd  = 0.1 and for three values of (f>t (i.e. of H/p0). The result is plotted in Figure 3. 

Halfway between the plates (and for cpj = 0.3, 2.0) the velocity components are positive, i.e. Vxf,(0) >0, 

Vz11 W  >0. Then Vn (0) has components parallel to V (0, 0) and h  x V (0, 0).

2) P re ssu re  Gr a d i e n t

Those terms in Fm , Eq. (2.9), which are proportional to the mean free path give rise to Knudsen cor­

rections for the pressure gradient P.

In the hydrodynamic limit (l/d = 0) half of the saturation value Fm(g>j—> oo) =  F^t = — 1 is reached 

at (m <Pr)Ti2 = !• For l/d>  0 the absolute saturation value is smaller than 1,

l+Ngl/d ’ Ns~3Cm + 3 ■>-
(1-C„la)2 _  C „ 2

i + ca y* + ca

and 2 F^t is reached at

(/n<pr)i/,= 1 +ns l/d, = 3 -°-
n  _ r  'I2 C 2\ A ^ m a ; , u ma

+ + Real
1 + C;v V * + C;i

j (1  - 2  Cma) - 2  CIIKl

1 + i^  + c .
l + i

which is greater than 1. Here x denotes the ratio y. = oyj/cô  .

(2.14)

(2.15)
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Fig. 3. Spatial dependence of the magnetic field dependent 
velocity VH (y) in HD for <5 =  0, L0/d =  0.1, h — u, and 
<?T =  0.3, 2.0, 10.0; V XH (y) =  D(', VzH(y) =  D1'. The 
functions Dx\ Dt"  are calculated from Eq. (2.13) by use of 

Table 2, Table 3.

Fig. 4. Knudsen corrections for the pressure gradients in 
HD for h =  u and L jd  =  0.05, 0.10; Gx =  F " ,  Gz =  F,'. 
The functions Fx', F are calculated from Eq. (2.9) with 
the parameters from Table 2, Table 3. The saturation values 

Fsat are indicated by arrows, see Equation (2.14).

Similarly, the height and position of the maximum of — Fm" are shifted from the hydrodynamic values

Fm [ax = - i  , {m <P t) Max = 1 to

F M ax -  l + N u l / d

1/2 Ar Q r  q Fq I i ( l  — 2 Cma) + 2 Cma(l — Cma)̂
, /VM =  3 C m + 3 - r  l m -------------j - ---- ;—

Z 1 ~\ I \ 1 x.

l + i
+ Ca

and { m ( p T ) Max =  l  +  l / d ,

i  + 2 Cma — 1

nm = 3 Im
1 + i x

1 + i
+ Ca

l - x

4

1 +i i ( l- 2 C m,) +2Cma( l- C ma)

1 l /£ 1 + U

T + 7"

(2.16)

(2.17)
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Notice, that the shifting parameters /ig and tim do not depend on Cm, they are determined by Ca and 

Cam = — Cna only which characterize the behaviour of the tensor polarization near the wall.
In general, the shape of the curves Fm' {(pr), Frn" (q>r) will be slightly different from that of the hydro-

dynamic limits -y- and ---7—<̂>T. _ . But this is not the case for x = l .  Then the Knudsen
1 + (m cpj) 2 l + ( m « p r ) 2

corrections for P  can be obtained from the hydrodynamical limit by replacing all relaxation constants 

by their effective values ' which are the sum of a gas-gas and a gas-wall collision frequency. Further­

more, the correction factors are then equal for Fm' and Fm",

x = l: ns = nM = 3- p---Ns = N* = 3 Cm + 3 L± ——  2 . (2.18)
I l+ C , ' / 1 +Ca

In this case the shifting factors ng and are determined by the positive coefficient Ca alone which de­

scribes the accommodation of tensor polarization. Besides Ca, the reduction factors /Vg and N& contain 

also the coefficients Cma and Cm of thermomagnetic and of mechanical slip.

Experimental data on Knudsen corrections for the SBE of viscosity 3’ 4 show that all four parameters 

ng , Ns , , Nm are positive, e. g. with increasing Knudsen number l/d the maximum of — Fm"  becomes 

smaller and is readied at higher m <7>x-values.

According to Eqs. (2.1), (2.2) the pressure gradients are given by GX = F1", GZ = FX', if h  = U and 

(5 = 0 apply. In Fig. 4 Gx and Gz are plotted versus for three values of L jd . The functions Fx' and Ft" 

are calculated for HD from Eq. (2.9) with the parameters from Table 2 and Table 3.

III. Comparison with Experimental Data

Measurements of the SBE of viscosity have been 

done by Hulsman et al.3’ 4 with a flat rectangular 

capillary of length D , , width Dx and thickness Du . 

The condition Dz ^> Dx^> Dy applies, e. g. a box 

with 3

Z)z=100mm, D f =10mm, Dy = 0.5 mm

has been used. Hence, theoretical results obtained 

for infinite parallel plates of distance Dy — 2d may 

be compared with the experimental data of Huls­

man et al. 3’ 4.

In Table 1 the five parameters na, ft/r, n>,tr, 

riß]ons, nrlon® which characterize the observed Knud­

sen corrections3, 4 are given for the gases HD, CH4 , 

CO and N2 . The increase of the field free gas flow 

due to slip effects is described by the factor 

1-fnal/Dy , i.e. n.a should be proportional to the 

mechanical slip coefficient Cm [neglecting the term 

in Eq. (2.11)],

JL»7• Ift — ̂  II (3.1)

Similar corrections have been applied to the field 

dependent pressure gradient P. In detail, by use of 

Eqs. (2.1), (2.2) and (1.18) the quantities (Fm')exp 

and (Fm" ) exp have been extracted from the mea­

sured gradients P. Then, the formulas 4

( O e x p =  -

and 3

{ F m " )  exp =  -

1

1 + (m f/’i)2 1 + V °ng l/Dy

rP'T
V’l

my> t

l + n ^ H / D y  ’
(3.2)

1 + (m y  t)2 1 + n / r l/Dy ’

rP'T
Wt = 1 + n./T l/Dh

(3.3)

have been used in order to account for the Knudsen 

corrections. Consequently the effect is reduced by 

the same factor for all 9>T-values, and the H/p0-axis 

is simply stretched. As we have seen in the preced­

ing section this procedure is, strictly speaking, only 

correct for x = l ,  since for x 4= 1 the shape of the 

curves may also change.

A first estimate for the coefficients Cm, Ca , Cma 

can be obtained by comparison of Eqs. (3.2), (3.3) 

for y.'i = 1 =y\ with Eqs. (2.14) — (2.17). Then the 

correspondence

I  V ons  ^ N  s , i n  

2 n / r ^  Nu , I  nytT ^  nM (3.4)

should hold. In Fig. 5 the variation of TVg, ng , N\i 

and nM with Cma and Ca is shown for HD and 

Cm = 1.0. Remember, that n_\i and ng doe not depend
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on Cm . The parameters y. = o>i/cob and L j l  occur­

ring in Eqs. (2.14) — (2.17) have been inferred 12 

from SBE data 2~5. They are given for HD, CH4 , 

CO and N.> in Table 2 together with |oj(J-r '/coT, Ariy 

and ayt . By comparison of Afg, , n\f with

the experimental quantities \ i nylong, \ n / r,

5 nytT a certain range of variation of the parameters 

Cm , Ca , Cma can be obtained.

The four correction factors Âg , n,g, tim and n\[ 

are expressed by the three surface parameters Cm , 

Ca and Cma (notice Cam = — Cma), hence they are 

not independent of each other. In particular, the 

ratios Â /Â m and ng/n^ are not very different from 

1 for CH4, CO and N2; e. g. for N2 the inequalities

0.93 <  Ng/N^ <  0.98, 1.02 <  ns/nyi <1.06 apply, if 

the parameters Ca, Cma vary in the range 0.4 5̂  Ca 

^  1.0, 0.0 ^  Cma ^  0.5. Thus the experimental 

value of ny°ng/nytT = 2 for N2 (* = 0.47) cannot be 

understood within the framework of the present 

theory. According to (2.18) «s/nM = 1 = As/A'm ap­
plies for x = l.  For all four gases HD, CH4 , CO 

and N2 the inequalities Arg/Ar>i<l, ng/nj[>l hold 

in the parameter range indicated above.

The final determination of Cm , Ca, Cma is per­

formed by minimizing the relative deviation be­

tween theoretical and experimental curves, i. e. by 

comparing Eqs. (2.9) with Eqs. (3.2), (3.3) for a 

number of ^-values cpx, . . . ,  <py . The relative

quadratic deviations

<?' ■- [ i  2 I M,
. * ’ A = 1 \ \* m  J exp =  ¥>*■]

depend on the choice of (px, . . . ,  <p$ , on the Knud­

sen number l/d and on the parameters Cm, Ca, 

Cma. For a fixed set of <pt , . . . ,  cp̂  the Knudsen 

parameters Cm , Ca, Cma are chosen such 6 that Q' 

and Q" are as small as possible for all Knudsen 

numbers in the range 0.005 ^  l/d 5̂  0.05 (which 

corresponds roughly6 to experimental conditions3,4). 

A suitable set of values for Cm, Ca, Cma (and Ca, 

Cma) is given in Table 3 together with the cor­

responding values for N$ , n$ , Nu ? • A variation 

of +0.05 in Ca, Crna is possible. Typical values for 

Q', Q" at l/d = 0.05 are about 6 \% to 3%, with the 

exception of Q '= 15% for HD (but Q '= 3% at 

l/d = 0.025).

The coefficient of mechanical slip Cm is related 

to the accommodation of tangential momentum at 

the wall. Its value is very close to 1, in accordance 

with na = 6. Similarly, the parameter Ca describes 

the accommodation of tensor polarization at the wall. 

It is found to be of order 1, and this is confirmed 

by Halbritter’s theoretical results 15. The coefficient 

Cam characterizes the production of tensor polariza­

tion by gas-wall collisions as well as thermomagnetic 

slip (Cma = — Cam) . It is at least one order of mag­

nitude smaller than Ca . For the gases CH4, CO, N2

Fig. 5. Dependence of the correc­
tion factors 7VM, , N s , ng on 

the surface parameters Cma and Ca 
for HD with Cm =  1.0, see Eqs. 
(2.14)-(2.17). The dotted lines 
refer to the experimental values of 3 
\nßtr, \nytr and 4 \nß^S, \nYlong 
cf. Table 1 and Eq. (3.4); =  0.16 
and L Jl — 2.68 have been taken 

from Table 2.
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the parameter Cam practically plays no role, e. g. 

Cara = 0 or Cam = ± 0.05, i. e. Cam = 0 Or Cam 

= ± 0.0045 (for CO, N2) are possible values. But 

for HD we have Cma = 0.4, i.e. Cma = 0.07 is about 

a factor of 15 larger than for CO and No. Due to 

Halbritter15, Cam can be related to the noncentral 

part of the interaction potential between a gas mole­

cule and a potential wall.

Knudsen corrections for flow birefringence in 

gases can be calculated14 from the same set of

constitutive laws, differential equations and bound­

ary conditions used in the present paper. Since the 

same set of parameters Cm , Ca, Caui occurs there 

are relations between both types of Knudsen cor­

rections which could be tested experimentally. Fur­

thermore, Ca and Cma also play a role (besides other 

surface parameters) for the theory of thermomag- 

netic pressure difference6’ 7. The theory is thought 

to be consistent if the same numerical values for 

Cm, Ca, Cma = — Cam can be used for a description 

of all these different phenomena.

Appendix

A) Formulas for Pf,n): e l e2

Let y 

Then

be real quantities with

m = 0, ± 1, + 2 .

i  (y« + i>»)7)(m) = >'o'l + 2  (Ym — Yo) (PW +?(-”*) + i ’ 7^ ( P f'”) - P (-w))
m = l

applies, where 1 is a fourth rank unit tensor with ( l)^ ./* ' = <5,,/ . The fourth rank projection ten­

sors contain the unit vector h parallel to the magnetic field11. The expressions P ^ : B1e2 can be 

evaluated by insertion of explicit formulas11 for P ^ ; ex and (?2 are arbitrary unit vectors, et Go 

= \ (ê  e2 + Co e i) — 3 Cj • e2 S. The result is stated in the following form:

(P(i) +p(- i)): e2= (h-ej) e2h + (h e2) h -2(/i-e1) (h-e2) h h ,

(P(2) +p(-2) ) . e2 = e2 + i h h [ (h et) (h-e3) + el-e2] - (h-ej e2 h - (h-e2) ex h ,

i(pw -p(-V): exe2 = [ h e j h h x  e2 + [h e2)hh  x e1,

i(P(2) _ p (- 2) ) ; e == 19l h x e2 + he2h x e 1 - I (h et)h h x e2 -h{h e2) h h x e 1

B) The Gas-Flow Wheatstone Bridge

For the determination of the “longitudinal” vis­

cosity coefficients (i.e. of rj1, rj2, r]s) the capillary 

Cj is part of a gas-flow Wheatstone bridge 2> 4. In 

the setup used in Ref. 4 Cx is placed in a magnetic 

field, the three other capillaries C2, C3, C4 are 

outside the magnet. Without any field (this is in­

dicated by the superscript0) the bridge is in equi­

librium, i. e. there is no pressure difference between 

points a and b (which are connected by a mano­

meter) :

P, 0 =  Pb°. ( B l )

In the presence of a field the pressure difference 

pa — Pb *s measured. If /j and R, denote the mass

flow and the flow resistance in capillary C; (i = l, 

. . ., 4) the following relations apply:

, _  PA -  Pa , _  Pa-PR , _  PA -  Pb
n -  o , j 2 -  Ro » /?, ’

(B 2)

Ä i

Pb -  Pl!

*4

Since there is no gas flow through the manometer 

(i. e. between points a and b) we have

h  = h ,  h  = j  4- (B3)

Through the action of a magnetic field the mass 

flow through capillary Cl changes and an additional 

pressure difference Ap1 = p\ — pa — (pa° — Pa°) oc­
curs. By the use of Eqs. (B l) — (B3) the relation

- ä V - r W fp V - p » 0) (B 4)
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is established. Here <5 assumes the values 0, e, oo 

according to which of the quantities J1, pA — pn 

or px — pa is kept constant when the magnetic field 
is switched on:

o
6 =  e

I -  I 0•'l — •'l ^

for pA - pB

APl = 0.

For an ideal bridge the factor

P a °  -  P b °  ,

* i° PA°-Pa°

Pa°-PB°

(B 5)

(B 6)
/?o° /?4°

is equal to 1.

The pressure difference Apt is proportional to the 

measured quantity pa — pi,:

( l  + £ ) 2 Pa-Ph
=  1 -

Pa — Pb

=  ( !+ * )
APl

Pa"- P a'
(B 7)

Hence, also

A-A0 <5 ( l+ £ )2 Pa-Pb
(B 8)

V  l + d e pA - pB 

applies. In particular, Eq. (B7) shows that 

(1 + d)Ap1 is independent of S.

Since the flow resistance is proportional to vis­

cosity, i. e. Rx0 oc rj, R1 oc /;eff, we have for small 

changes Arj = t]ef{ — rj

1 -R «IR , = Anln . (B 9)

Then, the comparison of (B7) with (B9) yields a 

relation between At] and pa — pb or Apx:

(1 r « ) 2 pa - Pb 

£ Pa -  Pb ’

(B 10)
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